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We give the projective spaces for an A∞-space in FibBB the topological category of cell-
wise trivial ﬁbre spaces over polyhedra and obtain a relationship between a pointed L–S
category and an A∞-space in FibBB . As an application, we calculate the ﬁbrewise pointed
L–S category of Klein bottle.
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1. Introduction
In 1965, Hilton introduced in [5] a category of continuous maps and their commutative diagrams to give a homotopy
theory of continuous maps. Following Hilton, James [9,10] extended this idea to study spaces and maps from the ﬁbrewise
point of view. A continuous map, whose target is a ﬁxed space B , is called a ﬁbrewise space over B . As an extension of
the notion of a pointed space, James introduced the notion of a ﬁbrewise pointed space: In fact in [10], James studied con-
tinuous endofunctors to develop the homotopy theory on the category of ﬁbrewise (pointed) spaces, for example, ﬁbrewise
suspension ΣB and ﬁbrewise cone CB on the category of ﬁbrewise spaces and Σ BB , C
B
B and Ω
B
B on the category of ﬁbrewise
(pointed) spaces. Such extensions, in turn, give some information on the homotopy properties of topological spaces, which
are studied by Crabb and James [1], Hardie [4], Iwase and the author [7,8], James [10,11], James and Morris [12], Oda [13],
Smith [17], the author [14–16] and etc. Throughout this paper, we are following the notations in [10].
Let Top be the category of compactly generated Hausdorff spaces and continuous maps. We ﬁx a pair (B, A) of spaces
in Top, where A is either ∅ or B in this paper. Let i AB : A ↪→ B be the inclusion of (B, A). Then we can deﬁne the category
TopAB whose object is a pair consisting of morphisms p : E → B and s : B → E of Top such that p ◦ s is the inclusion
i AB : A ↪→ B , and morphism between (p1 : E1 → B , s1 : A → E1) and (p2 : E2 → B , s2 : A → E2) is given by a map f : E1 → E2
such that p2 ◦ f = p1 and f ◦ s1 = s2.
FibAB is a comma category of Top
A
B with the condition of cell-wise trivial ﬁbre spaces over polyhedra which is deﬁned in
Section 2.
In 1991, James and Morris [12] deﬁned the L–S category for ﬁbrewise spaces and ﬁbrewise pointed spaces, which is
studied also in Crabb and James [1]. A ﬁbrewise homotopy into a ﬁbrewise constant is called a ﬁbrewise nullhomotopy.
A subset U of a ﬁbrewise space X is ﬁbrewise categorical if the inclusion U → X is ﬁbrewise nullhomotopy. Then the L–S
category for ﬁbrewise spaces catB X is the least number m such that there is a covering X by m + 1 ﬁbrewise categorical
open subsets.
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2132 M. Sakai / Topology and its Applications 157 (2010) 2131–2135Example 1.1. We may regard S1 × S1 as a ﬁbrewise space over S1 with ﬁrst projection p and section by inclusion i. Then
catB(S1 × S1) = 1.
Moreover we can calculate the ﬁbrewise L–S category of Klein bottle K , where K is regarded as S1-bundle over S1.
Example 1.2. catB(K ) = 1.
The proof is given in Section 5.
Next we work over a ﬁbrewise pointed space. We describe a subset U of a pointed space X (necessarily containing the
section) as ﬁbrewise pointed categorical if the inclusion U → X is ﬁbrewise pointed nullhomotopy. Then the L–S category
for ﬁbrewise pointed spaces catBB X is the least number m such that there is a covering X by m + 1 ﬁbrewise pointed
categorical open sets.
Crabb and James [1] say that ﬁbrewise pointed category can be characterised in terms of the compressibility of the
diagonal. Consider the ﬁbrewise topological products Xn (n = 1,2, . . .) of the ﬁbrewise pointed space X with itself. Let
X [n] ⊂ Xn denote the subspace such that the ﬁbre over each point b ∈ B is the fat wedge. Then Xn contains the diagonal
X of X , while X [n] contains the diagonal B of B .
Crabb and James give the following result on sphere-bundle with cross-section:
Theorem 1.3. (Crabb and James [1]) Let X be a ﬁbrewise pointed sphere-bundle over B. Then catBB X  1+ cat B.
In [6], Iwase gave a relationship between an ordinary L–S category and an A∞-space (see Stasheff [18]). So our aim is
to give the projective spaces for an A∞-space in FibBB and obtain a relationship between a pointed L–S category and an
A∞-space in FibBB , which is a natural extension of a result of Iwase [6].
Theorem 1.4. Let (p : X → B) be an object of FibBB and X ﬁbrewise connected. Then catBB X m if and only if the canonical inclusion
Pm(Ω BB X)⊂ P∞(Ω BB X) BB X has a right ﬁbrewise pointed homotopy inverse.
As an application of Theorem 1.4, we calculate the ﬁbrewise pointed L–S category of Klein bottle K .
Theorem 1.5. catBB(K ) = 2 = catB(K ) + 1.
Remark 1.6. A ﬁbrewise L–S category does not always coincide with a ﬁbrewise pointed L–S category (see Theorem 1.5).
2. A category of cell-wise trivial ﬁbre spaces
Let B be a polyhedron, then we introduce the comma categories FibB and Fib
B
B of TopB and Top
B
B in a slightly general
form as in [7].
Deﬁnition 2.1. An object of the category FibAB is a pair consisting of morphisms p : E → B and s : A → E of Top such that
p ◦ s is the inclusion i AB : A ↪→ B , which are often called a projection and a section, respectively and satisfy the (pointed)
cell-wise triviality condition:
For each simplex α of B , there exists a homeomorphism
φα : α × F → E|α ,
which is an identiﬁcation map, and the commutative diagram
α
α × F E|α E
α B.
in1 s|α
φα
pr1 ι∗α p
ιˆα
p
embedding ια
A morphism between (p1 : E1 → B , s1 : A → E1) and (p2 : E2 → B , s2 : A → E2) in FibAB is given by a map f : E1 → E2
together with commutative diagrams given as follows
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B
f
p1 p2
A
E1 E2.
s1 s2
f
Then clearly (i AB : A → B , 1A : A → A) is the initial object of FibAB and (1B : B → B , i AB : A→B) is the terminal object
of FibAB . In the case when A = ∅, we abbreviate FibAB as FibB .
The same argument in the proof of Theorem 2.9 of [7] yields the following result. Let Φ : Top → Top be a continuous
endofunctor and Φ(2) : FibBB → FibBB a natural extension of it.
Theorem 2.2. Let (pi : Ei → B) be objects of FibBB for i = 1,2. If ﬁbres Eib of (pi : Ei → B) have the same homotopy type of a CW-
complex for i = 1,2 and b ∈ B, then α ◦ Φ(2)(p1 : E1 → B) and α ◦ Φ(2)(p2 : E2 → B) are ﬁbrewise pointed homotopy equivalent,
where α : FibBB → Top is a functor such that α(p : E → B) = E.
Proof. Let Bn be n-skeleton of B . If dim B < ∞, let pn : Bn −⋃λ{bnλ} → Bn−1 be a retraction, where bnλ is a centroid of n-
simplex nλ . Then for each n 0, there exists an open covering {Unλ | λ ∈ Λn =
⋃n
i=0 Γi} of Bn which satisﬁes the following
two properties by Proposition 5.1 of [7].
(1) For each λ ∈ Γk ⊂ Λn , Intkλ ⊂ Unλ (0 k n).
(2) Intkλ is a deformation retract of U
n
λ .
If dim B = ∞, let Uλ =⋃nk Unλ (λ ∈⋃ki=0 Γi). Then {Unλ} is contractible by Proposition 5.1 of [7]. Since B is a CW-complex,
B is paracompact. So {Unλ} is numerable. Let (Ei → B) be an object of FibBB for i = 1,2. Then we deﬁne Φ(2)(Ei → B) by
(
∐
b∈B Φ(Eib) → B) for i = 1,2. By the construction of {Unλ},
∐
b∈B Φ(Eib) → B is trivial on Unλ for each i = 1,2, λ ∈ Λn ,
n  0. Due to the result of Theorem 6.4 of Dold [2], the projection p :∐b∈B Φ(Eib) → B has the property WCHP, in other
words, for each homotopy H¯ : X × [0,1] → B , p has the ordinary CHP for the following
Hˆ : X × [−1,1] → B, Hˆ(x× [−1,0])= H¯(x,0), Hˆ|X × [0,1] = H¯ .
By the assumption of ﬁbres, we have that α ◦Φ(2)(p1 : E1 → B) and α ◦Φ(2)(p2 : E2 → B) are ﬁbre homotopy equivalence
due to the result of Theorem 6.3 of Dold [2]. From the cell-wise triviality condition of FibBB ,
∐
b∈B Φ(Eib) → B is trivial (in
the sense of FibBB ) on U
n
λ for each i = 1,2, λ ∈ Λn , n 0. So, α ◦Φ(2)(p1 : E1 → B) and α ◦Φ(2)(p2 : E2 → B) are ﬁbrewise
pointed homotopy equivalence due to the result of Theorem 3.9 of [3]. This completes the proof of Theorem 2.2. 
3. Projective spaces for a ﬁbrewise A∞-space
In this section we consider the case that (p : X → B) is an object of TopBB . We give the projective spaces for an A∞-space
in TopBB so that they are the natural extentions of Stasheff’s construction given in [18].
Deﬁnition 3.1. A ﬁbrewise An-structure on a ﬁbrewise space X consists of an n-tuple of ﬁbrewise maps
X =E1 −−−−→ E2 −−−−→ · · · −−−−→ En
p1
⏐⏐ p2⏐⏐ . . . pn⏐⏐
B =P0 −−−−→ P1 −−−−→ · · · −−−−→ Pn−1
such that pi : Ei → Pi−1 is ﬁbrewise ﬁbration for i = 1,2, . . . ,n, together with a ﬁbrewise contracting homotopy
h : C BB Ei−1 → Ei such that h(C BB Ei−1)⊂ Ei for i = 1,2, . . . ,n.
Stasheff gave the deﬁnition of An-form (n∞). Using his cells Ki (see Stasheff [18]), we give the following deﬁnition.
Deﬁnition 3.2. {mi}, 1 i  n is called a ﬁbrewise An-form on X if mi : Ki × Xi → X satisﬁes the following properties:
(1) m2(∗, s(b), x) =m2(∗, x, s(b)) = x, for x ∈ X , ∗ = K2;
(2) mi(∂k(r, s)(ρ,σ ), x1, . . . , xi) =mr(ρ, x1, . . . , xk−1,ms(σ , xk, . . . , xk+s−1), xk+s, . . . , xi) for ρ ∈ Kr , σ ∈ Ks (r + s = i + 1);
(3) mi(τ , x1, . . . , x j−1, s(b), x j+1, . . . , xi) =mi−1(s j(τ ), x1, . . . , x j−1, x j+1, . . . , xi) for τ ∈ Ki , i > 2.
If X has an An-form {mi}, then (X, {mi}) is called a ﬁbrewise An-space.
2134 M. Sakai / Topology and its Applications 157 (2010) 2131–2135Remark 3.3. Since we only consider the case that p : X → B is an object of FibBB , the following assertion holds as well as
the ordinary case: A ﬁbrewise space X has a ﬁbrewise An-structure if and only if X has a ﬁbrewise An-form {mi}.
Deﬁnition 3.4. The ﬁbrewise X-projective i-space P i(X), i  n, associated with a ﬁbrewise An-space X is the base space Pi
derived from the given ﬁbrewise An-form on X .
4. Proof of Theorem 1.4
Let Em+1 be the ﬁbrewise homotopy ﬁbre of the inclusion X [m+1] → Xm+1 and Pm the ﬁbrewise homotopy pull-back of
X [m+1]⏐⏐
X
m+1−−−−→ Xm+1,
where
X [m+1] =
{
(x0, . . . , xm) ∈ Xm+1
∣∣∣ ∃b ∈ B s.t. (1) xi ∈ Xb, i = 0, . . . ,m
(2) ∃t s.t. xt = s(b)
}
and m+1 denotes the diagonal. Then we have the following diagram commutes up to homotopy:
Em+1 =−−−−→ Em+1⏐⏐ ⏐⏐
Pm −−−−→ X [m+1]⏐⏐ ⏐⏐
X
m+1−−−−→ Xm+1.
Let us recall that catBB X  m if and only if the diagonal map m+1 is compressible into X [m+1] . The latter condition is
equivalent to the existence of a ﬁbrewise homotopy section of the projection Pm → X .
In Theorem 3.3 of [15], let Z = X , X2 = Xm , f1 = idX , f2 = m , A = s(B), and A2 = X [m] . Then we have the following
ﬁbrewise pointed push-out and pull-back diagram as the same argument of Theorem 1.1 of [6] or [16].
Em −−−−→ Pm−1⏐⏐ ⏐⏐
s(B) −−−−→ Pm −−−−→ X ×B X [m] ∪ s(B) ×B Xm⏐⏐ ⏐⏐k
X
m+1−−−−→ X ×B Xm.
Hence Pm has the ﬁbrewise pointed homotopy type of a (unreduced) ﬁbrewise mapping cone of the canonical inclusion
Em → Pm−1, m 1.
Similarly by putting Z = s(B), X2 = Xm , f1 = idX , f2 = m , A1 = s(B), and A2 = X [m] in Theorem 3.3 of [15], we have
the following ﬁbrewise pointed push-out and pull-back diagram:
Ω BB X ×B Em
pr2−−−−→ Em
pr1
⏐⏐ ⏐⏐
Ω BB X −−−−→ Em+1 −−−−→ X ×B X [m] ∪ s(B) ×B Xm⏐⏐ ⏐⏐k
s(B)
cB−−−−→ X ×B Xm.
Hence Em+1 has the ﬁbrewise pointed homotopy type of the (unreduced) ﬁbrewise join of Ω BB X and Em . Since Em+1 and
Pm are ﬁbrewise continuous functors in the sense of Φ(2), by Theorem 2.2 this implies that {(Em+1, Pm); m 0} gives the
ﬁbrewise A∞-structure for Ω B X in the sense of Stasheff [16], i.e., we have the following commutative diagram:B
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=−−−−→ Ω BB X⏐⏐ ⏐⏐ . . . ⏐⏐ ⏐⏐
Ω BB X −−−−→ E2(Ω BB X) −−−−→ · · · −−−−→ E∞(Ω BB X)
BB−−−−→ s(B)⏐⏐ pΩBB X1
⏐⏐ . . . ⏐⏐pΩBB X∞
⏐⏐
B −−−−→ P1(Ω BB X) −−−−→ · · · −−−−→ P∞(Ω BB X)
BB−−−−→ X,
where p
Ω BB X
k : Ek+1(Ω BB X) → Pk(Ω BB X) is a ﬁbrewise ﬁbration, Ek+1(Ω BB X) → Ek+2(Ω BB X) is ﬁbrewise nullhomotopy, and
Pk(Ω BB X) → Pk+1(Ω BB X) is inclusion for k 1. Thus Pm has the ﬁbrewise pointed homotopy type of Pm(Ω BB X) the ﬁbrewise
Ω BB X-projective m-space. In particular, we obtain that P
1(Ω BB X) BB Σ BB Ω BB X and P∞(Ω BB X) BB X by Theorem 2.2. This
implies Theorem 1.4.
5. Application
Firstly we directly compute the ﬁbrewise L–S category of Klein bottle K .
Example 1.2. catB(K ) = 1.
Proof. K is given by gluing boundaries of two Möbius bands U1 and U2, which are both ﬁbrewise contractible and open
in K . So, we obtain that catB(K ) = 1. 
Secondly we calculate the ﬁbrewise pointed L–S category of Klein bottle K as an application of Theorem 1.4.
Theorem 1.5. catBB(K ) = 2.
Proof. If catBB K  1, then Σ BB Ω BB K
ev−−→ K has a right ﬁbrewise homotopy inverse f : K → Σ BB Ω BB K by Theorem 1.4. The
condition ev ◦ f BB idK makes the following composition
H∗(K , B) ev
∗−−→ H∗(Σ BB Ω BB K , B) f ∗−→ H∗(K , B)
an identity map. In particular, ev∗ : H∗(K , B) → H∗(Σ BB Ω BB K , B) is an injection, where H1(Σ BB Ω BB K , B) ∼= H0(Ω BB K , B) has
no torsion while H∗(K ) has torsion. It’s a contradiction. Thus we have catBB K  2. Since K is a sectioned S1-bundle over S1,
we obtain that catBB K  2 by Theorem 1.3 which is due to Crabb and James [1]. This completes the proof of Theorem 1.5. 
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